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Abstract 

We examine the spin-reflection positivity of the ground state of the Kondo 
lattice model at half-filling with the antiferromagnetic and ferromagnetic ex- 
change couplings J 7^ 0. For every positive f7 > 0, where U is the Coulomb 
interaction between the conduction electrons, we can show that the ground 
state is unique. 
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I. INTRODUCTION 



Strongly-corrrelated electrons have been studied with considerable effort. Their complete 
understanding is now still difficult. Among the various models the Kondo lattice model is 
important as a fundamental model for heavy-fermion systems which are typical strongly- 
correlated-electron systems. In strongly-correlated electrons, rigorous results are still rare 
although they will provide us valuable information as bench marks. Recently, exact results 
were obtained in some limiting cases for the Kondo lattice. ||T]-§| Recently, an idea of the spin- 
reflection positivity was introduced, proving its validity for the strongly-correlated electrons 
at half-filling. This idea was first succesfully applied to the Hubbard model for t/ > at 
half-filling and f/ < at every filling. Later it was shown that this method is valid for the 
symmetric-periodic Anderson model. [^] The purpose of this paper is to investigate the spin- 
reflection positivity for the Kondo lattice following the method in Ref . . We show that the 
ground state of the Kondo lattice (J 7^ 0) has the property of spin-reflection positivity at 
half-filling for U > where U is the Coulomb interaction between the conduction electrons. 
In our method, the Coulomb interactions between the conduction electrons are crucial in 
deriving an energy inequality such as E{C) > E{P) where C is a coefficient matrix of the 
eigenstates of Hamiltonian and P is a semipositive definite matrix defined by P = (C7^C7)^/^. 
As we have pointed out first in Ref. ^ , we can apply the Schwarz inequality by using fermions 
in dealing with the local-spin operators, where we investigated J < and U > |J|/4. In 
this paper we discuss this method in more details and show that it is straightforward to 
generalize our method for any non-zero J and U > 0. 
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II. THE SPIN-REFLECTION PROPERTY OF THE KONDO LATTICE 



A. Antiferromagnetic Kondo lattice 

Let us consider the Kondo lattice model given as 

H = - ^ Ujc\^Cj^ -^Yl^cia + U^nci^ncii + J^cTi - Si, (1) 

a,<i,j> ia i i 

where cxj and Si denote spin operators of the conduction electrons and the localized spins, 
respectively. Cia{cl^) denote annihilation (creation) operators of the conduction electrons 
and we write ncia=Ci^Cifj. The second term indicates the chemical potential so that we 
consider the half-filling case. What we will consider is the following statement. 

Proposition A We assume that the lattice is bipartite. < i,j > in eq.(l) denotes a pair 
of sites where one is on the sublattice A and the other is on the B sublattice. The number of 
the lattice is finite and the lattice is connected which means that there is a connected path 
of bonds between every pair of sites. Then the ground state of the Kondo lattice in eq.(l) 
for the antiferromagnetic-coupling J > and f/ > at half-filling is unique. 

Remarks We show several remarks before going into a proof. We have introduced the 
Coulomb interaction U on each site to show a uniqueness of the ground state. We write the 
Kondo lattice model in the following form, 

<i,j>CT i 

+ UY^ nci^ricii '^cia, (2) 

i ia 

where fiaifL) denote annihilation (creation) operators of localized spins. and Ufi^ indi- 
cate the number operators of the conduction electrons and the localized spins, respectively. 
We should work in the subspace where the condition n/i-f+n/j|=l holds. In Ref. [0] we 
introduced the Lagrange multipliers in the Hamiltonian. Of course, we do not necessarily 
need to introduce the Lagrange multiplier to restrict the Hilbert space. This is only a matter 
of taste. We have written the perpendicular- and z-component of exchange interaction as 
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J_L and Jzi respectively. Let us assume that J = J±_ = Jz- We make the electron-hole 
transformation for the up spins: Cj| — > c||, c|| -^Cj| for i Gv4, /j| —flp f}] ^—fii for i eA 
and Cj|— — c||, cl^^-^—Ci^ for zG-B, /if fipfii ^ fi] for ^^-S where we have assumed that 
the lattice is bipartite-divided into two disjoint sets A and B. The spin-down electrons are 
unaltered, Cj| Cii and fi^ fj^. In this transformation the z-component of the total spin 
is invariant at half-filling: Sz=0 Sz=0. Then H is transformed into 

H = - ^iAaCj<r -UJ2 nci^ncii + ^Y1 ^c*<x + II [-^-^±(^1 Cii 44 + cliclt/iT/a) 

<i,j>cr i id i 

1 

+ -^Jz{l - n^i} - «ca)(l - nji^ - Ufi^)]. (3) 

We work in the 5*^=0 subspace since S"^ and 5*^ are conserved and every energy eigenvalue has 
a corresponding eigenfunction in this subspace. For H the constraint should read nji^ = n/j|. 
Here let us comment on this constraint. We set Qi = nji^ — njii- It is easy to see that Qt 
commutes with H and Qj (for any j): 

[g„#] = o;[g„g,] = o(v^,j). (4) 

Therefore the total space is divided into disjoint subspaces which are specified by eigenvalues 
of Qi. The physical space is given by Sq = {ip{^ 0)\Qi4' = 0(yi)}. In this subspace, the 
wave function satisfies 

Hij = EV, (5) 

Q^i^ = O(V^), (6) 

which are basic equations in our discussion. 

Proof There are two kinds of electrons with spin up and spin down. Let tp^ be an 
orthonormal basis set which is composed solely of spin-a c and f electrons. We assume that 
basis states are real. We follow the method of Ref. |^ and the ground-state wave function in 
the space 5*^=0 is written as ip = J2ai3 Caisipa^ipj^- C={Caf5) is called the coefficient matrix 
of if). Now the expectation value of H is given by: 
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i 

i i 

The matrices are defined by the following, 

(i/o")aa' =< CI - E ^^^clc.alC' >, (8a) 
<i,j> 

{M^^fdaa' =< >, (8b) 

(M/,J„„, =< ra\flcia\ra' >, (8c) 

(^'c/Jaa' =< raKaUf^^K' >, (8d) 

(A^c")aa' =< Cl^c^.|C' >, (8e) 

(7V;j,,,=<C|n/..|C'>- (8f) 

Please note that these matrices arc real ones. From the definition, {N"^j)aa' = 12/3 < 
V'al^cialV'ia > < > H^ci^fi)aa'- We have the up-down symmetry: N^^N^" , 

NJ.=NJ'^, = and MJ^.=M^J. Variation of the functional F with respect to C leads 
to the following equation, 

EC = CH^ + HlC - E liMl^CMif, + mI^^CM}J + J, E[l(<.^ + CNif^) 

- [/ E NiCNi + ^ E(^^i + NlC)- (9) 
From the constraint equations Qiip — 0, C must satisfy 
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Nj^C = CAT),. (10) 

We can easily show that this equation is equivalent to the constraint, n^jj = njj| which 
indicates that we have no singly-occupied f-electron sites. From the equation in eq.(lO), 
we obtain < n/it(l - ^/ii) >= TrC^Nj^Cil - iVjj = TrC^Nj^{l - iVjjC = because 
NJ- is a diagonal matrix diag{ai,a2, ■ ■ ■) where the diagonal elements are or 1: cTj = 
or 1. Inversely, we set that < nfi^{l - Ufn) >= 0. Then = TrC^Nj^Cil - iV)j = 
TrCt(iV;j2c(l - iv;j2 = Tr(l - iV)jCtiV],iV;,C(l - iV),) =|| iV;,C(l - iV),) f , where 
the norm 1 1 ■ 1 1 is defined by \\A\^ = TrA^A. This means that NjiC{l - A^jj = 0. simi- 
larly, we have (1 — Nj^)CNj^ = 0. Hence eq.(lO) is followed. More directly, we can show 

eq.(lO) by calculating ri/iiV' = Ea/sCa^nfi^tpaP = HanHa'P' Cafsli'a'P' >< ^a'f3'\nfi^-\^ap > = 

J2ai3a' Cap'ipa'p{N]j)a'a = J^afsiNj^C) a^ipa/B , whcre wc dcuotc the basis as ipap = ® i^p- 
We can obtain similarly nfi^ip = J2ai3{CNj^)ai34'ai3 and eq.(lO) is also followed. 

Then we can obtain the energy E{C) given by the right-hand side in eq.(7) with two 
equations (9) and (10). Now, the identity below is useful in the following discussion, 

= -J^TrC^izNl - Nj,)CizN^, - iVjj 
+ zJ.TrC^NliCNii + -^J.TrC^ N]fiN\^ 

z ■' ■' 

+ zJ^TrC^NiCNi, + ^J,Tr{C^N]fi + CN\p), (11) 

zz 

where z is a positive real number z > and we have used the relation in eq.(lO) to derive 
the second equality. Then the energy E(C) is written as 

E{C) = Tr{C^HlC + CH^.C^) - J^Y. lTr{Ml^CM^fp + Ml^^CM^^fi^) 

i 

+ Y\-\-^JATrC\zNl - Nl)C{zNy - iVj,) 

i 
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(12) 



Since the energy E{C) is symmetric with respect to the spin, we can set that C is hermitian: 
C = C''". It is also easy to see that C and C"'' satisfy the same Schrodinger equation. There is 
a hermitian positive semidefinite matrix P which satisfies CC^ = P^, where P is determined 
uniquely. According to the Schwarz inequality for a square matrix M, 



we obtain an inequality E{C) > E{P) for J > and U > z\Jz\/^. Since z is an arbitrary 
positive real number, we can choose z so that U > z\Jz\/4: holds for any positive U. Therefore 
we have E{C) > E{P) for every U > 0. Since we have assumed that C is the coefficient 
matrix of the ground state, we obtain E{C) = E{P). This indicates that there is a state 
with C = P OT C = —P among the ground states. Here we will show that the new matrix 
P also satisfies the constraint Ufi^ = Ufii, i.e. NiP = PNi where we set Ni = Nj- = A^j.. 



Due to the Schwarz inequality TrCNiCNi < TrPNiPNi, we have << '"./^^(l — "^/ij.) >p= 
TrPNiP{l-Ni) = TrPNiP-TrPNiPN^ < TrCNiC -TrCNiCNi = TrCNiC{l-Ni) = 0. 
Then TrPNiP{l-Ni) = is followed, which indicates that TrPNiP{l-Ni) = TrPNfP^l- 
Nif = Tr(l - Ni)PN,NiP{l - Ni) = \\ NiP{l - Ni) f = 0. Hence NiP{l - N,) = 0, i.e. 
NiP = NiPNi holds. Similarly we have PNi = NiPNi. Therefore we have obtained the 
constraint equation for P given by. 



\TrCMC^M^\ <TrPMPM\ 



(13) 



N\^P = PN}^. 



(14) 



This result shows that the equality E{C) = E{P) has its meaning. 

Now we will show that the ground state is unique following the argument of Ref. [Q. 



The Schrodinger equation reads 



EC = CH^ + HlC -J^Y. + + E[^(<.^ + CNifd 
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- -(CiVj, + N]fi) - -{CNi, + NlC)] 

+ El^Ic* + civjj - (f/ - -\JA) E A^cM. + ^ E(^^i. + ^Ic"). (15) 

Let R = P — C; then i? is positive semi definite and satisfies eq.(14). Let us define K as 
a kernel of R, i.e.K = {v\Rv = 0}. C and P are diagonalized by a unitary matrix U: 
C = t/Miag(cri,- ■ ■,ar)U and P = W diag(|(Ji|,- ■ -jlar-Dt/ where ai,- ■ -jCir are eigenvalues of 
C At least there is one positive cTj, such that (Ti=|(Ti|; otherwise we have C = —P. Thus 
R = P — C has at least one zero eigenvalue, which indicates that there is a vector v satisfying 
Rv=0. Then we obtain: 

= RH^v -J^Yl liMl^RM^f, + Mlf,RM\,;)v + J. ^[^PiV»,t; 

- hiN\^v - \RNj:M - j-JJ.l Ei^Nl - iV)ji?(ziVi, - iVjjt; 

-{U-z\J. I /4) ^ iViPiVit; + ^ I J, I Y: RN},v + R^i^- (16) 

Since = 0, Ei[J±v\Ml^RM!:f^ + mI^^RM^Jv + {l/2z)jy{zNi - N]^)R{zNy - 
Nji)v + 2{U — zJz/A)v*NliRN^jv\ = 0. holds. Because R is positive semidefinite and 
iV-=iV--, Nf^=Nf/^ and M^^^=M-/„ we have v^mI^RM^^^v = v'mI^.RM^^^ = v^nIRN^v 
=v*N]iRN\^v = and then RM^f^^v = RM^f^v = RN\^v = RN^,v = is followed. If we 
substitute N^-v for v, we obtain RN^^N^^v = 0. As a result, RHqv = follows. Now, 
by successive application oi Hq, M and A^, we can construct all the basis states by virtue 
of the connectivity. Thus, every vector is in K. This proves the uniqueness of the lowest 
energy state for J > and U > because we can easily reach a contradiction if we assume 
that there are two ground states 0. Since the energy-expectation value is continuous with 
respect to parameters involved in the Hamiltonian there is no level crossing with respect to 
J.{q.e.d.) 

In the large-[/ limit, H is mapped onto a spin-1/2 antiferromagnetic Heisenberg model. 
Then we can say that 
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Corollary We assume the same conditions in the Proposition A. Then for the Kondo 
lattice with J > and C/ > at half-fiUing, the ground state has S — 0. 



B. Ferromagnetic Kondo lattice 

Let us turn to investigate the Kondo lattice model H with the ferromagnetic coupling 
J = J± — Jz < ioT the half-filled band. We again assume that A is bipartite and we make 
the electron-hole tranformation for the up spins: Cj-|- —>■ c||, -^Ci^ for i ^A, fi^ — >• f-^ 
fi^ ^/iT for ^ -ctp c|^^-Q| for ieB, fi^ -flpfl^ ^ -/i? for « e -B where 

we have assumed that the lattice A is bipartite-divided into two disjoint sets A and B. Note 
that the signs in front of f-electron operators are different from those for the case J > 0. 
The spin-down electrons are unaltered, qj^ — > Cjj and fii — > fjj^. In this transformation the 
z-component of the total spin is invariant: S^—O — > S^—O. Then H is transformed into 

H^- Yl tiAcCja -UY, ncifricil + ^Y1 ^cia + YH^MCi^ fll fl] + ^iCy^fil) 
<i,j>a i ia i 

+ ^JzC^ - i^ar - ^cii)(l - rifi^ - Ufn)]. (17) 

Clearly we can apply the method in the previous section and then we obtain the inequality 
E{C) > E{P) for J < and U > 0. A similar identity to eq.(ll) is easy to derive for J < 0: 

J,rr(CtArT CAT). + C^Nj.CN^^ 

= -\J,\-TrC\zNl + Nj,)C{zN^, + N},) 

+ z\J.\TrC^NlCNt, + -\J,\TrC^ nJ^CN}^. (18) 

We can prove that C = P (or C = —P) is a unique solution of E{C) — E{P). Thus we 
have shown that the lowest-energy state is unique. Therefore 

Proposition B If we assume the same conditions mentioned in Proposion A for the 
Hamiltonian in eq.(17), then the ground state at half-filling is unique for J < and C/ > 0. 

Remarks If we assume that the A and B sublattices have the same number of lattice 
sites, then the ground state of the Kondo lattice has = since in the large-| J| limit, H 
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is mapped onto the spin-1 Heisenberg model. In general, we may be able to consider 
the lattices where the number of sites in the A sublattice |y4| is greater than that of the B 
sublattice \B\. In this case, the ground state may have a high spin S = \A\ — \B\, which 
is proved by the Perron-Frobenius theorem. For example, the ID odd-site model with the 
open boundary condition has S = 1 ground state, while if we impose the periodic boundary 
condition, the ground state has S = for small clusters according to a diagonalization 
method. 



C. Spin-correlation functions 

Our theorem for the Kondo lattice model may have many implications. Let us consider 
the spin-correlation functions given as Sfc{i) =< S^cr^ >, Sff{i,j) =< S^Sj' > and 
Scc{i,j) =< crt^^J >■ The spin-reflection positivity implies that these correlation functions 
have definite signs for every J (7^ 0). ||lT| After making the electron-hole transformation for 
J > 0, Sfc{i) is written as 

Sj^ii) = -< 4^h^clih >= -TrC^MlfCM}^ < 0. (19) 

In a similar manner, it is easy to obtain 

Sff{z,j)<0;teA,jeB, (20) 



Sccii,j) <0;ieA,j EE, 



(21) 



Sff{i,j) > 0;z G A, J e A, 



(22) 



Sccit,j)>0;teA,j eA. (23) 

Thus antiferromagnetic orderings are found for nearest-neighbor spins and for c and f elec- 
trons on each site. The RKKY interactions between localized spins are oscillating functions. 
Instead, for the ferromagnetic coupling J < 0, Sfc{i) shows a ferromagnetic order, 
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Sf^{{} = TrC'^MlfCMj^ > 0. (24) 

Note that we have chosen the different signs for f electrons in the electron-hole transformation 
for J < 0. Sff{i,j) and Scc{i,j) have same structures as the case for J > 0. 
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III. DISCUSSION 



In this paper we have apphed the method of spin-reflection positivity to the Kondo lattice 
model by writing the exchange interaction with fermion operators of localized electrons. We 
have shown that the Kondo lattice with the non-zero exchange couplings J 7^ and f/ > at 
half-filling has a unique grond state and the total spin is where we have assumed that the A 
and B sublattices have the same number of lattice sites. Our theory depends on the Schwarz 
inequality to derive the equation E{C) = E{P) where C is the coefficient matrix of the 
ground state and P is the semipositive definite matrix given by P = (CtC)i/2. It is important 
that the constraint equation NiC = CNi, which represents njjj = n/j|, is conserved for P: 
NiP = PNi. This is a highly non-trivial result. Our results can be generalized to more 
general models where the number of the f-electron sites is less than that of the conduction 
electrons. For example, the two-impurity Kondo model has a unique ground state which is 
continuous with respect to J > and J < as far as [/ > 0. A characteristic structure of the 
two-impurity problem may be observed as a sharp crossover between the RKKY regime and 



the on-site Kondo regime. |T^-|14[ The spin-reflection positivity implies the antiferromagnetic 
orderings between the f and conduction electrons within each site as well as the nearest- 
neighbor antiferromagnetic RKKY interactioons for J > 0. The RKKY interaction shows 
an ocillating behavior with a period which is precisely equal to the lattice constant (x 2) for 
the half-filled conduction band. 

From a technical point of view, the fact that Qi commutes with Hamiltonian H and Qj 
is important because an eigenfunction of H is also an eigenfunction of Qi. The total space is 
divided into disjoint subspaces according to eigenvalues of Qi. Let us comment here about 
the Lagrange-multiplier method in Ref. 0]. We define -ffe// = H + J2iKQi- Then basic 
equations in each subspace are written as 

H,fj^ = E'ilj, (25) 

and 
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g,V = ?«V'(Vi), (26) 

where qi takes 0,-1 and 1. The variational condtion for F =< H^ff >—< H > + < 
Qi > reads dF/dXi =< V'lQilV' >= which indicates qi = 0(Vi). Therefore we obtain the 
same equations as eqs.(5) and (6). The conditions < Qi >= project out the physical 
subspace Sq. If we start from a state which does not belong to Sq, we cannot obtain a 
correct solution in a diagonalization since they have different (discrete) quantum numbers. 
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